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Time-Varying Systems Continued 


Uniform stability: There exists a class K function «(-) and a constant 
c > 0, both independent of tg, such that 


|x(t)| <a(|x(to)|) Vt>to when |x(fo)| <c. 


Uniform asymptotic stability: There exists a class KL function B(-,-) 
and a constant c > 0 such that 


|x(t)| < B(|x(to)|,f-to) Vito when |x(to)| <c. 


Uniform exponential stability: There exist constants k,A,c > 0s.t. 


|x(t)| < k|x(to)|e*¢*o) Vt > tp «when |x(to)| <c, 
that is B(r,s) = kre~*®. 
k > 1 allows for overshoot: 
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Example: 
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XO 


#o-2 3 x(t) = stat) 142 — to) 


x = 0 is asymptotically stable but not exponentially stable. 


Proposition: x = 0 is exponentially stable for x = f(x), f(0) = 0, if 
and only if A“ & 8 Hurwitz, that is RA,(A) <0 Vi. 

— 
Although strict inequality in RA;(A) < 0 is not necessary for asymp- 


totic stability (see example above where A = 0), it is necessary for 
exponential stability. 
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Lyapunov's Stability Theorem for Time-Varying Systems 
Khalil, Section 4.5 
1. If W(x) < V(t,x) < Wo(x) and V(t,x) = % +4 YF t,x) < 0 for 
some positive definite functions Wj (-), W2(-) on a domain D that 
includes the origin, then x = 0 is uniformly stable. 


2. If, further, V(t,x) < —W3(x) Vx € D for some positive definite 
W3(-), then x = 0 is uniformly asymptotically stable. 


3. If D = IR” and W;(-) is radially unbounded, then x = 0 is globally 
uniformly asymptotically stable. 


4. If Wi(x) = k,|x|*, i = 1,2,3, for some constants ky, k2,k3,a > 0, 
then x = 0 is uniformly exponentially stable. 


Proof: 


1. ay (|x|) < Wi(x) < V(E,x) < Wo(x) < aa(|x|) 
V <05 V(x(t),t) < V(x(to), to) 
= a4 (|x(4)|) < 2(|x(t0)]) 
=> |x(#)| < a(|x(to)|) = (ay * © 2) (|x(to)]). 


Note: The inverse of a class-K function is well defined locally 
(globally if Ko) and is class-K’. The composition of two class-C 
functions is also class-K. 


2. V < —Ws(x) < —ag(|x]) < —a3(a2*(V)) = —7(V) 


“v(tex(t) < —r(V(t-x(#))) 
Let y(t) be the solution of y = —y(y), y(to) = V(to,x(to)). Then, 


Vit x(t)) < yf). 
Since y = —7(y) is a first order differential equation and —y(y) < 
0 when y > 0, we conclude monotone convergence of y(t) to 0: 
y(t) = Bly(to),t — to) => V(t, x(t)) < BV (to, x(to)), t — to) 
<a2(|x(to)|) 
= a1(|x()|) < B(a2(|x(to)|),# — to) 
=> |x(t)| < B(|x(to)|,t — to) = «7 *(B(a2(|x(¢o)|),£ — fo)) 
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3. If w1(-) is class Koo then a; '(-) exists globally above. 


4. 03(|x|) = ka]x|*, a2(|x]) = kalx|* 


y= — By > y(t) = ylto)e 220) 
2 


1 1 6 
Bly) = re / oe Bis) = (Feria) " = (72) HS 


1 


Example: 
x= —g(t)x? where g(t) >1 forall t 


Vix)= 5x2 = V(tx) =—g(t)x4 < —x# 2 Wa(x) 


Globally uniformly asymptotically stable but not exponentially sta- 
ble. Take g(t) = 1 asa special case: 
ye 

i= = x«(f)= sence | rah 
which converges slower than exponentially. 
Example: x = A(t)x. Take V(x) = x? P(t)x: 

Vix) = x? P(t)x + x7 P(t)x + x7 P(t)x 
x" (P+ ATP + PA)x 
— 

If kyI < P(t) < kpI and k3I < Q(t), k1,k2,k3 > 0, then 


ky |x|? < V(t,x) <ko|x|? and V(t,x) < —ks|x|* 


= global uniform exponential stability. 


What if W3(-) is only semidefinite? Khalil, Section 8.3 


Lasalle-Krasovskii Invariance Principle is not applicable to time- 
varying systems. Instead, use the following (weaker) result: 


Theorem: Suppose W(x) < V(t,x) < Wo(x) 


oV- OV 
pea ogra st 
a + 5, f(t) < —W3(x), 


where W}(-),W2(-) are positive definite and W3(-) is positive semidef- 
inite. Suppose, further, W;(-) is radially unbounded, f(t, x) is locally 
Lipschitz in x and bounded in t, and W3(-) is C!. Then 


W3(x(t)) + 0 as t + 0. 


3 
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Note: This proves convergence to S = {x : W3(x) = 0} whereas the 
Invariance Principle, when applicable, guarantees convergence to the 
largest invariant set within S. 


Example: 
Xy = -x1+ w(t)x2 
xX = —w(t)x, 
V(t,x) = 4x2+ 3x3 = V(t,x) = —xt. If w(t) is bounded in ¢ then 


the theorem above implies x;(t) + 0 ast — oo, but no guarantee 
about the convergence of x(t) to zero. 


By contrast, if w(t) = w #0, then we can use the Invariance Principle 
and conclude x(t) — 0 (show this). 


Barbalat’s Lemma (used in proving the theorem above): 


t 
If limyo0 | (t)dT exists and is finite, and ~(-) is uniformly continu- 
0 


ous? then $(t) > 0 as t > ov. >For every € > 0 there exists 5 > 0 
such that Vt1, to |ty = to| < 61> 
Uniform continuity in Barbalat’s Lemma can’t be relaxed: \p(t1) — (t2)| < €. Boundedness of 
the derivative #(t) implies uniform 
Example: Let #(f) be a sequence of pulses centered at k = 1,2,3,... continuity. 


with amplitude = k, width = 1/ k3, then 


[ ewat = e 2 <o but $(t) 40. 
=1 


Proof of the theorem: 


ay(|x|) < V(t,x) < a2(|x|) a1 € Koo 
=> |x(t)| < a7" (a2(|x(to)|)) » oR we 


>t 


x(t) bounded = x(t) = f(t,x(t)) is bounded = x(t) is uniformly 
continuous. 


V(t,x) < —Ws(x(t)) 
= V(x(T)) — V(x(to), to) < — f Wa(x(t))at 


= ‘ Wa(x(t))dt < V(x(to), to) <0. 


Since W3(-) is C1, it is uniformly continuous on the bounded domain 
where x(t) resides. So, by Barbalat’s Lemma, W3(x(t)) + 0 as t > ov. 


